We describe and analyse Levenberg-Marquardt methods for solving systems of nonlinear equations. More specifically, we first propose an adaptive formula for the Levenberg-Marquardt parameter and analyse the local convergence of the method under Hölder metric subregularity. We then introduce a bounded version of the Levenberg-Marquardt parameter and analyse the local convergence of the modified method under the Lojasiewicz gradient inequality. We finally report encouraging numerical results confirming the theoretical findings for the problem of computing moiety conserved steady states in biochemical reaction networks. This problem can be cast as finding a solution of a system of nonlinear equations, where the associated mapping satisfies the Hölder metric subregularity assumption.
Introduction
For a given continuously differentiable mapping h : R m → R m , we consider the problem of finding a solution of the system of nonlinear equations
We denote by Ω the set of solutions of this problem, which is assumed to be nonempty. Systems of nonlinear equations of type (1) frequently appear in the mathematical modelling of many real-world applications in the fields of solid-state physics [8] , quantum field theory, optics, plasma physics [20] , fluid mechanics [42] , chemical kinetics [1, 2] , and applied mathematics including the discretisation of ordinary and partial differential equations [38] . A classical approach for finding a solution of (1) is to search for a minimiser of the nonlinear least-squares problem min x∈R m ψ(x), with ψ : R m → R given by ψ(
where · denotes the Euclidean norm. This is a well-studied topic and there are many iterative schemes with fast local convergence rates (e.g., superlinear or quadratic) such as Newton, quasi-Newton, Gauss-Newton, adaptive regularised methods, and Levenberg-Marquardt methods. To guarantee fast local convergence, these methods require an initial point x 0 to be sufficiently close to a solution x * , and the gradient of h at x * , denoted by ∇h(x * ), to be nonsingular, cf. [4, 13, 37, 38, 44] .
Levenberg-Marquardt methods are standard techniques used to solve nonlinear system (1) , each of which is a combination of the gradient descent and the Gauss-Newton methods. More precisely, in each step, for a positive parameter µ k , the convex subproblem min
with φ k : R m → R given by
is solved to compute a direction d k , which is the unique solution to the system of linear equations
where I ∈ R m×m denotes the identity matrix. By choosing a suitable parameter µ k , the Levenberg-Marquardt method acts like the gradient descent method whenever the current iteration is far from a solution x * , and behaves similar to the Gauss-Newton method if the current iteration is close to x * . The parameter µ k helps to overcome problematic cases where ∇h(x k )∇h(x k ) T is singular, or nearly singular, and thus ensures the existence of a unique solution to (4) , or avoids very large steps, respectively. The Levenberg-Marquardt method is known to be quadratically convergent to a solution of (1) if ∇h(x * ) is nonsingular. In fact, the nonsingularity assumption implies that the solution to the minimization problem (2) must be locally unique, see [5, 25, 43] . However, assuming local uniqueness of the solution might be restrictive for many applications.
The notion of (local ) error bound usually plays a key role in establishing the rate of convergence of the sequence of iterations generated by a given algorithm. This condition guarantees that the distance from the current iteration x k to the solution set Ω, denoted by dist(x k , Ω) = inf y∈Ω x k − y , is less than the value of a residual function R : R m → R + at that point (R(x k )). If one considers R(x k ) ≤ ε as a stopping criterion for an iterative scheme, then dist(x k , Ω) ≤ R(x k ) ≤ ε implies that x k is an approximate solution to the problem. The earliest publication using error bounds for solving a linear inequality system is due to Hoffman [21] , which was followed by many other authors, especially in optimisation. For more information about error bonds, we recommend the nice survey [39] .
For the particular case of nonlinear systems of equations, Yamashita and Fukushima [43] proved the local quadratic convergence of the Levenberg-Marquardt method with µ k = h(x k ) 2 assuming a local error bound condition. More precisely, they assumed the existence of some constant β > 0 such that β dist(x, Ω) ≤ h(x) , ∀x ∈ B(x * , r),
where B(x * , r) denotes the closed ball centered at x * with radius r > 0. In this case, the residual function is given by R(x) := h(x) . The condition h(x) ≤ ε can be used as a stopping criterion for an iterative scheme, as it entails that the iterations must be close to a solution of (1) .
Let us emphasise that the nonsingularity of ∇h(x * ) implies that x * is locally unique, and that the local error bound condition (5) holds [7, 33] . However, the latter does not imply the nonsingularity assumption and allows the solution set Ω to be locally nonunique (see Section 2) , which frequently happens in many applications, e.g., Section 4. This means that the local error bound condition is a weaker assumption than the nonsingularity. The successful use of the local error bound has motivated many researchers to investigate, under this assumption (5) , the local convergence of trust-region methods [9] , adaptive regularised methods [5] , and Levenberg-Marquardt methods [3, 10, 11] , among other iterative schemes.
In Example 1, we show that the Powell singular function, which is a classical test function for nonlinear system of equations (cf. [35] ), does not satisfy the local error bound condition (5) . This motivates our quest to develop an adaptive Levenberg-Marquardt method where the underlying mapping h is Hölder metrically subregular (see Definition 1), which is a weaker assumption than the local error bound condition (5) and is thus satisfied by a broader set of functions. The local convergence of a Levenberg-Marquardt method under Hölder metric subregularity has been recently studied in [17, 45] . As explained in Remark 2, our results broadly encompass those results.
From the definition of the Levenberg-Marquardt direction in (4), we observe that a key factor in the performance of the Levenberg-Marquardt method is the choice of the parameter µ k , cf. [24, 27] . Several parameters have been proposed to improve the efficiency of the method. For example, Yamashita and Fukushima [43] 
, while Fan and Yuan [11] 
η with η ∈ [1, 2] . Inspired by these works, and assuming that the function h is Hölder metrically subregular of order δ ∈ ]0, 1], we define an adaptive parameter
where
, for some positive constants ξ min , ξ max and ω max . Thus, if the point x k is close to a solution, then the parameter µ k will be small, in which case the Levenberg-Marquardt method will behave like the Gauss-Newton method, and a fast local convergence can be expected.
The main motivation for this paper comes from a nonlinear system of equations, the solution of which corresponds to a steady state of a given biochemical reaction network, which plays a crucial role in the modeling of biochemical reaction systems. During our study of the properties of this problem, we were not able to show that the local error bound (5) is satisfied. However, taking standard biochemical assumptions [2] , we show that the corresponding mapping is Hölder metrically subregular and that the merit function is real analytic. As a consequence, with the iteration generated by our proposed algorithm, we can ensure local convergence to a solution of (1) for all such networks. To the best of our knowledge, this is the first such algorithm able to reliably handle these nonlinear systems arising in the study of biological networks. We numerically apply the proposed algorithms to nonlinear systems derived from many real biological networks representative of a diverse set of biological species.
The remainder of this paper is organised as follows. In the next section, we particularise the Hölder metric subregularity for nonlinear equations and recall the Lojasiewicz inequalities. In Section 3, we develop a Levenberg-Marquardt method and investigate its local convergence. In Section 4, we report encouraging numerical results where nonlinear systems, arising from biochemical reaction networks, were solved. Finally, we deliver some conclusions in Section 5.
Hölder metric subregularity and Lojasiewicz inequalities
Let us begin this section by recalling the notion of Hölder metric subregularity, which can be also defined in a similar manner for set-valued mappings (see, e.g., [29] ).
Definition 1.
A mapping h : R m → R n is said to be Hölder metrically subregular of order δ ∈ ]0, 1] at (x, y) with y = h(x) if there exist some constants r > 0 and β > 0 such that
For any solution x * ∈ Ω of the system of nonlinear equations (1), the Hölder metric subregularity of h at (x * , 0) reduces to
Therefore, this property provides an upper bound for the distance from any point sufficiently close to the solution x * to the nearest zero of the function. Hölder metric subregularity at (x * , 0) is also called Hölderian local error bound [36, 41] . It is known that Hölder metric subregularity is closely related to the Lojasiewicz inequalities, which are defined as follows.
Definition 2. Let ψ : U → R be a function defined on an open set U ⊆ R m , and assume that the set of zeros Ω := {x ∈ R m , ψ(x) = 0} is nonempty.
(i) The function ψ is said to satisfy the Lojasiewicz inequality if for every compact subset K ⊂ U , there exist positive constants and γ such that
(ii) The function ψ is said to satisfy the Lojasiewicz gradient inequality if for any critical point x, there exist constants κ > 0, ε > 0 and θ
Stanis law Lojasiewicz proved that every real analytic function satisfies these properties [32] . Recall that a function ψ : R m → R is said to be real analytic if it can be represented by a convergent power series. Fortunately, real analytic functions frequently appear in real world application problems. A relevant example in biochemistry is presented in Section 4. 2 satisfies the Lojasiewicz inequality (8) , then the mapping h satisfies (7) with β := (2/ρ) 1/γ and δ := 2/γ; i.e., h is Hölder metrically subregular at (x * , 0) of order 2/γ. In addition, if ψ(·) satisfies the Lojasiewicz gradient inequality (9), then for any x ∈ Ω and x ∈ B(x, ε), it holds
In some cases, for example when ψ is a polynomial with an isolated zero at the origin, the order of the Hölder metric subregularity is known [18, 30, 31] . Let us emphasise that the Hölder metric subregularity property of the function h at (x * , 0) is weaker than the local error bound assumption (5) , which in turns is implied by the nonsingularity of ∇h(x * ). Indeed, by the Lyusternik-Graves theorem (see e.g., [7, Theorem 5D.5] or [33, Theorem 1.57]), the nonsingularity of ∇h(x * ) is equivalent to the metric regularity of h around (x * , 0), which entails the existence of some positive constants β, r and s such that
Fixing y = 0, we obtain the metric subregularity condition (5) . Furthermore, by making r smaller if needed so that h(x) < 1, we see that (5) implies (7), since δ ∈ (0, 1].
Example 1. The Powell singular function [35] , which is the function h :
is Hölder metrically subregular at (x * , 0) but does not satisfy the local error bound condition (5). We have Ω = {0} and ∇h(0) is singular; thus, h is not metrically regular around (x * , 0). Further, to prove that (5) does not hold, consider the sequence {x k } defined by x k = 0, 0,
, we conclude that (5) does not hold. Consider the polynomial function ψ(x) := 1 2 h(x) 2 of degree 4, which satisfies ψ −1 (0) = 0. It follows from Fact 2 that there exist some constants β > 0 and r > 0 such that
This implies that h is Hölder metrically subregular of order δ = 1 41 at (0, 0). There are many examples of smooth functions that are Hölder metrically subregular of order δ at some zero of the function and whose gradient is singular at that point, cf. [22, 23] . Nonetheless, the following result restricts this set of functions: if x * is an isolated solution in Ω (i.e., the function is Hölder strongly metrically subregular at x * , cf. [34] ), then one must have δ ∈ (0, 1/2].
Proposition 1.
Let h : R m → R m be a continuously differentiable function that is Hölder metrically subregular of order δ at some isolated solution x * ∈ Ω = {x ∈ R m : h(x) = 0}. Assume further that ∇h is Lipschitz continuous around x * and that ∇h(x * ) is not full rank. Then, it holds that δ ∈ (0, 1/2].
Proof. Because of the Lipschitz continuity assumption (and the mean value theorem), there are some positive constants L and r such that
By using the fact that x * is an isolated solution, it is possible to make r smaller if needed so that (7) holds and
Since ∇h(x * ) is not full rank, there exists some z = 0 such that ∇h(x * ) T z = 0. Consider now the points
As w k ∈ B(x * , r) for all k, we deduce
Thus, we get
* , as claimed.
Locally convergent Levenberg-Marquardt methods
In this section, to solve a nonlinear system of the form (1), we develop adaptive Levenberg-Marquardt methods and investigate their local convergence near a solution under the assumption that the underlying function h is Hölder metrically subregular. Specifically, we consider the following Levenberg-Marquardt algorithm.
Algorithm LLM: (Locally convergent Levenberg-Marquardt)
solve the linear system (4) to specify the direction d k ;
In order to prove the local convergence of algorithm LLM to some solution x * ∈ Ω, we assume that the next conditions hold:
The mapping h is continuously differentiable and Hölder metrically subregular of order δ ∈ ]0, 1] at (x * , 0); i.e., there exist some constants β > 0 and r > 0 such that (7) holds. We will assume that r < 1.
(A2) ∇h is Lipschitz continuous on some neighbourhood of x * ∈ Ω.
By making r smaller if needed, note that from (A2) and the mean value theorem, there exists a positive constant L such that,
and
We begin our study with an analysis inspired by [43] and [17] . The following result provides a bound for the norm of the direction d k based on the distance of the current iteration x k to the solution set Ω. This will be useful later for deducing the rate of convergence of LLM.
Proposition 2. Let x k ∈ Ω be an iteration generated by LLM with η ∈ ]0, 4δ[ and such that x k ∈ B(x * , r/2). Then, the direction d k given by (4) satisfies
Proof. For all k, we will denote by x k a vector in Ω such that
which implies x k ∈ B(x * , r). Further,
Observe that φ k is strongly convex and the global minimiser of φ k is given by (4) . Then, we have
From the definition of φ k in (3), by (11), (15) and (A2), we deduce
It follows from the definition of µ k in (6) and (7) that
Let us consider two cases:
In Case (ii), we have
Because of (14), the inequalities (17) and (18) imply (13), and this completes the proof.
The next result provides an upper bound for the distance of x k+1 to the solution set Ω based on the distance of x k to Ω. Proposition 3. Let x k ∈ Ω and x k+1 be two consecutive iterations generated by LLM with η ∈ ]0, 4δ[ and such that x k , x k+1 ∈ B(x * , r/2). Then, we have
where β 2 is a positive constant and
. From the definition of φ k in (3) and the reasoning in (16), we obtain
It follows from (A2) that there exists some constant L such that ∇h(x) ≤ L for all x ∈ B(x * , r). Then, by the definition of µ k in (6) and (12), we have that
which implies, thanks to (14),
where ζ := min {4, 2 + η}. By (7), (11), the latter inequality and Proposition 2, we get
with . Let x k ∈ Ω and x k+1 be two consecutive iterations generated by LLM with η ∈ ]0, 4δ[ and such that x k , x k+1 ∈ B(x * , r). Then, we have
where β 3 is a positive constant and
Assume that x k+1 ∈ Ω (otherwise, the inequality trivially holds). By (11), we have
Thus, by the Cauchy-Schwarz inequality and (7), we get
that is,
By (12) and Proposition 2, it holds,
It follows from (A2) that there exists some constant L such that ∇h(x) ≤ L for all x ∈ B(x * , r). Then, by the definition of µ k in (6) and (12), we get (20) . Hence, by (23) and Proposition 2, we deduce
where the last inequality follows from the definition of r. Then, by (24), we deduce β
In Figure 1 , we plot the values of δ 2 in Proposition 3 and δ 3 in Proposition 4. The bounds given by (19) and (21) are usually employed to analyse the rate of convergence of the sequence {x k } generated by LLM. A larger value of δ 2 or δ 3 would serve us to derive a better rate of convergence. To deduce a convergence result from Proposition 3, one needs to have δ 2 ≥ 1, which holds if and only if η ∈ . On the other hand, to guarantee that δ 3 ≥ 1, a stronger requirement would be needed, namely, δ ≥ 
2−δ , it holds that 1 < δ 2 < δ 3 . In fact, it is important to emphasise that if δ = 1 and η ∈ [1, 2], then δ 3 = 2, and we can derive from Proposition 4 the quadratic convergence of the sequence, which can only be guaranteed for η = 2 by Proposition 3. Remark 1. In light of Proposition 1, the extent of the results that can be derived from Propositions 3 and 3 is rather reduced when ∇h(x * ) is not full rank, since
2 . In fact, we have not been able to find any function that satisfies the hypothesis of Proposition 1 with δ > 1 2 and such that ∇h(x * ) is not full rank (remember that, as explained in Section 2, if ∇h(x * ) is full rank, one can take δ = 1 in (7)). Note that the function F S given as example in [17, Section 5] is Hölder metrically subregular of order δ = 5 6 > 0.5, but ∇F S is not Lipschitz continuous around any zero of the function, so it does not satisfy (A2) (and, therefore, it does not satisfy [17, Assumption 4.1] either). However, with an additional assumption that the Lojasiewicz gradient inequality (9) holds, we will obtain other local convergence results for all δ ∈ ]0, 1], see Subsection 3.1.
In spite of Remark 1, we proceed to derive the main result of this section from Propositions 3 and 4. We show that, as long as δ > −1+ √ 33 8 , it is possible to choose a parameter η such that superlinear convergence is attained.
, 1 and η ∈ 2 δ − 2, 4δ − 1 . Then, there exists some r > 0 such that for every sequence {x k } generated by LLM with x 0 ∈ B(x * , r), one has that {dist(x k , Ω)} converges to 0 at least superlinearly, with order no less than δ 2 := min δ + δη 2 , 4δ − η . Moreover, the sequence {x k } converges to a solution x ∈ Ω ∩ B(x * , r/2), and if η ≤ 2δ, the rate of convergence is also superlinear and no less than δ 2 . Furthermore, if δ ∈ 2 3 , 1 and η ∈ 2 δ − 2, 2δ 2−δ , all the latter holds with order no less than
Proof. Let δ 1 , β 1 , δ 2 and β 2 be defined as in Proposition 2 and in Proposition 3. Since δ 2 > 1, we have that δ 1 δ i 2 > i for all i sufficiently large. As
we deduce that
Define
Note that r ∈ ]0, r/2[, because r ∈ ]0, 1[ and δ 1 ≤ 1.
Pick any x 0 ∈ B(x * , r) and let {x k } be an infinite sequence generated by LLM. First, we will show by induction that x k ∈ B(x * , r/2). It follows from r < 1 and (13) that
Let us assume now that x i ∈ B(x * , r/2) for i = 1, 2, . . . , k. Then, from Proposition 3 and the definition of r, we have
The latter inequality, together with (13), (25) and (26), implies
which completes the induction. Thus, we have x k ∈ B(x * , r/2) for all k, as claimed.
From Proposition 3, we obtain that {dist(x k , Ω)} converges to 0 at least superlinearly. Further, it follows from (13) and (27) that
Denoting by
we have that {s k } is a Cauchy sequence. Then, for any k, p ∈ N ∪ {0}, we have
which implies that {x k } is also a Cauchy sequence. Thus, the sequence {x k } converges to some x. Since x k ∈ B(x * , r/2) for all k and {dist(x k , Ω)} converges to 0, we have x ∈ Ω ∩ B(x * , r/2). Further, if η ≤ 2δ we have δ 1 = 1 in Proposition 2, and by letting p → ∞ in (28), we deduce
Since dist(x i , Ω) is superlinearly convergent to zero, for all k sufficiently large, it holds dist(x k+1 , Ω) ≤ 1 2 dist(x k , Ω). Therefore, for k sufficiently large, we have
which proves the superlinear convergence of x k to x with rate δ 2 . Finally, the last assertion follows by the same argumentation, using r, δ 3 and Proposition 4 instead of r, δ 2 and Proposition 3, respectively.
Remark 2.
(i) Our results above generalise the results in [17, 45] ] . Then, there exists r > 0 such that for every sequence {x k } generated by LLM with x 0 ∈ B(x * , r), one has that {dist(x k , Ω)} converges to 0 at least quadratically. Moreover, the sequence {x k } converges quadratically to a solution x ∈ Ω ∩ B(x * , r/2).
The question of whether the sequence {dist(x k , Ω)} converges to 0 when δ <
remains open. However, with the additional assumption that ψ satisfies the Lojasiewicz gradient inequality (which holds for real analytic functions) and a slight modification of µ k , we can prove that the sequences {dist(x k , Ω)} and {ψ(x k )} converge to 0 for all δ ∈ (0, 1], and we can also provide a rate of convergence that depends on the exponent of the Lojasiewicz gradient inequality. This is the subject of the next subsection.
Convergence analysis under the Lojasiewicz gradient inequality
In this subsection, under the assumption that the Lojasiewicz gradient inequality holds, we prove that the sequences {dist(x k , Ω)} and {ψ(x k )} converge to 0 for all δ ∈ ]0, 1]. To do that, we make use the following two lemmas.
Lemma 1. Let {s k } be a sequence in R + and let α, ν be some nonnegative constants. Suppose that s k → 0 and that the sequence satisfies
Then (i) if α = 0, the sequence {s k } converges to 0 in a finite number of steps;
(ii) if α ∈ ]0, 1], the sequence {s k } converges linearly to 0 with rate 1 − Lemma 2. The sequence {x k } generated by LLM satisfies
Proof. See [26, Theorem 2.5 and Lemma 2.3].
In our main result of this subsection, we prove the convergence to 0 of the sequences {dist(x k , Ω)} and {ψ(x k )} as long as the parameter µ k in LLM is updated in such a way that µ k ∈ [µ min , µ max ] for all k, where µ min and µ max are some positive constants.
Theorem 2. Suppose that ψ satisfies the Lojasiewicz gradient inequality (9) with exponent θ ∈ [0, 1[. Assume that the updating rule for µ k is defined in such a way that for every bounded sequence {x k } generated by LLM, there exist some positive constants µ min and µ max such that µ k ∈ [µ min , µ max ] for all k. Then, there exist positive constants s and s such that, for every x 0 ∈ B(x * , s) and every sequence {x k } generated by LLM, one has {x k } ⊂ B(x * , s) and the two sequences {ψ(x k )} and {dist(x k , Ω)} converge to 0. Moreover, the following holds:
(i) if θ = 0, the sequences {ψ(x k )} and {dist(x k , Ω)} converge to 0 in a finite number of steps;
(ii) if θ ∈ 0, 1 2 , the sequences {ψ(x k )} and {dist(x k , Ω)} converge linearly to 0; (iii) if θ ∈ 1 2 , 1 , there exist some positive constants ς 1 and ς 2 such that, for all large k,
Proof. The proof has three key parts.
In the first part of the proof, we will set the values of s and s. Let ε > 0 and κ > 0 be such that (9) holds. Let s := min{r, ε} > 0. Then, by the assumption on the updating rule for µ k and by Assumption (A2), there exist some positive constants υ min and υ max such that
Make s smaller if needed so that
For all x ∈ B(x * , s), one has by (12) that Pick any x 0 ∈ B(x * , s) and let {x k } be the sequence generated by LLM. It follows from Lemma 2 that
In the second part of the proof, we will prove by induction that
for all i = 1, 2, . . .. Since x 0 ∈ B(x * , s), we have by (32) that
Therefore, from (34), we get
Observe that the convexity of the function ϕ(t) := −t 1−θ with t > 0 yields
By combining (36) with (37), we deduce
Since x 0 ∈ B(x * , s) ⊆ B(x * , s), we have by (31) that H 0 ≤ υ max . Further, from the Lojasiewicz gradient inequality (9), it holds
From the last inequality, together with (38) and then (33), we obtain
which, in particular, proves the second assertion in (35) for i = 1. Hence,
Therefore, x 1 ∈ B(x * , s). Assume now that (35) holds for all i = 1, . . . , k. Since x k ∈ B(x * , s), by the assumption on µ k and (32), we have
Therefore, by (34), we get
Combining the latter inequality with (37), we deduce
Further, since x k ∈ B(x * , s), from the Lojasiewicz gradient inequality (9) and (31), it holds
From the last inequality and (40), we deduce
which proves the second assertion in (35) for i = k + 1. Hence, by (33), we have
which proves the first assertion in (35) for i = k + 1. This completes the second part of the proof.
In the third part of the proof, we will finally show the assertions in the statement of the theorem. From the second part of the proof we know that x k ∈ B(x * , s) for all k. This, together with the assumption on µ k and (31), implies that H k ≤ υ max for all k. Thus,
Therefore, by (39), we have
It follows from the Lojasiewicz gradient inequality (9) and the last inequality that
This implies that {ψ(x k )} converges to 0. By applying Lemma 1 with s k := ψ(x k ), ν := 2κ 2 υ max and α := 2θ, we conclude that the rate of convergence depends on θ as claimed in (i)-(iii). Finally, observe that {dist (x k , Ω)} converges to 0 with the rate stated in (i)-(iii) thanks to the Hölder metric subregularity of h. (i) The constant sequence µ k := µ > 0 for all k clearly satisfies the updating assumption for µ k in Theorem 2, and thus, LLM with µ k = µ instead of (6) gives rise to a convergent sequence satisfying Theorem 2.
(ii) If instead of using µ k defined in (6), we use
where µ min is a small positive number, then Theorem 2 holds, as (41) satisfies the updating assumption for µ k because of (A2) and the fact that ξ k ≤ ξ max and ω k ≤ ω max .
In our second main result of this subsection, for a sequence generated by LLM with µ k updated by (6), we prove the convergence of {ψ(x k )} and {dist(x k , Ω)} to 0, as long as the entire sequence {x k } remains sufficiently close to the solution x * .
Theorem 3. Suppose that ψ satisfies the Lojasiewicz gradient inequality (9) with exponent θ ∈ [0, 1[. Then, there exists a positive constant s such that, for every sequence {x k } generated by LLM with µ k updated by (6), η ∈ ]0, 1[ and x k ∈ B(x * , s) for all k, one has that the two sequences {ψ(x k )} and {dist(x k , Ω)} converge to 0. Moreover, the statements (i)-(iii) in Theorem 2 hold.
Proof. Since η ∈ ]0, 1[, there exists a positive constant s ≤ min{r, ε} such that
Let {x k } be a sequence generated by LLM be such that x k ∈ B(x * , s), for all k. It follows from Lemma 2 that (34) holds. By the definition of µ k in (6) and (42), we have
Therefore,
Further, since x k ∈ B(x * , s), there exists λ max such that H k ≤ λ max for all k. The rest of the proof is the same as in Theorem 2. . Theorem 2 guarantees the local convergence of the sequence {x k } generated by LLM, as long as the starting point x 0 is chosen sufficiently close to 0. Nevertheless, as θ > 1 2 , linear convergence is not guaranteed. The sequence is given by
Pick any initial point x 0 > 0. Then, one has
If µ k > µ min > 0 for all k, we deduce from (44) that {x k } is sublinearly convergent to 0, in accordance with Theorem 2. Consider now µ k given by (6) with ξ k = ω k = . Then,
and we get
leading to x k → 0. To analyse the rate of convergence of this sequence, we need to distinguish three different cases, depending on the value of α:
implying that {x k } converges to 0 linearly.
which means that {x k } converges to 0 sublinearly.
Observe
Example 3. Let us investigate the rate of convergence of the sequence {x k } generated by LLM for the Powell singular function (10) and the Rosenbrock function h : R 2 → R 2 , which is given by
It is clear that the solutions of the nonlinear system (1) for the Powell singular and the Rosenbrock functions are unique and given by x * = (0, 0, 0, 0) and x * = (1, 1), respectively. Since the solution for both problems is unique, we have dist(x k , Ω) = x k − x * . We run LLM with η = 1.2 and ξ k = ω k = 0.5 for both functions, using as starting points x 0 = (0.5, −0.5, 1, 0.3) and x 0 = (0.6, 1.4) for the Powell singular and the Rosenbrock functions, respectively. In order to analyse the convergence rate of the sequence {x k }, we consider the ratio
In Figure 2 , we draw ∆ q (x k , x * ) for q ∈ {1, 1.25, 1.5, 1.75, 2}, where q = 1 stands for the linear convergence, q ∈ {1.25, 1.5, 1.75} stand for the superlinear convergence, and q = 2 stands for the quadratic convergence. From Figure 2(a) , it can be seen that the ratio ∆ q (x k , x * ) with q = 1 is convergent to a point in the interval [0.1, 1[, while the the other ratios for q = 1 are divergent, which occurs when the sequence {x k } generated by LLM is linearly convergent. We can deduce the convergence of {dist(x k , Ω)} = { x k } to 0 from Theorem 2(iii). Unfortunately, linear convergence cannot be guaranteed because the Lojasiewicz gradient inequality (9) does not hold for θ = 1 2 . Indeed, for any κ > 0, one has
which is positive when x 1 is sufficiently small. Figure 2(b) shows the ratios ∆ q (x k , x * ) for the Rosenbrock mapping. One can see that ∆ 1 (x k , x * ) is convergent to 0, which happens when the rate of convergence is superlinear. Since ∆ q (x k , x * ) for q ∈ {1.25, 1.5, 1.75, 2} are decreasing and bounded above by 10, the rate of convergence seems to be quadratic. Indeed, this is the case: Corollary 1 guarantees the quadratic convergence for all η ∈ [1, 2], because ∇h(0, 0) is nonsingular (in which case (7) is valid with δ = 1).
Application to biochemical reaction networks
In this section, we introduce first a class of nonlinear equations arising in the study of biochemistry, cf. [14] . After that, we compare the performance of LLM with some state-of-the-art algorithms for finding steady states of nonlinear systems of biochemical networks on 21 different real data biological models.
Nonlinear systems in biochemical reaction networks
Consider a biochemical network with m molecular species and n reversible elementary reactions 1 . We define forward and reverse stoichiometric matrices, F, R ∈ Z m×n + , respectively, where F ij denotes the stoichiometry 2 of the i th molecular species in the j th forward reaction and R ij denotes the stoichiometry of the i th molecular species in the j th reverse reaction. We assume that every reaction conserves mass, that is, there exists at least one positive vector l ∈ R m ++ satisfying (R − F ) T l = 0, cf. [16] . The matrix N := R − F represents net reaction stoichiometry and may be viewed as the incidence matrix of a directed hypergraph, see [28] . We assume that there are less molecular species than there are net reactions, that is m < n. We assume the cardinality of each row of F and R is at least one, and the cardinality of each column of R−F is at least two. The matrices F and R are sparse and the particular sparsity pattern depends on the particular biochemical network being modeled. Moreover, we also assume that rank([F, R]) = m, which is a requirement for kinetic consistency, cf. [15] .
Let c ∈ R m ++ denote a variable vector of molecular species concentrations. Assuming constant nonnegative elementary kinetic parameters k f , k r ∈ R n + , we assume elementary reaction kinetics for forward and reverse elementary reaction rates as s(k f , c) := exp(ln(k f ) + F T ln(c)) and r(k r , c) := exp(ln(k r ) + R T ln(c)), respectively, where exp(·) and ln(·) denote the respective componentwise functions, see, e.g., [2, 15] . Then, the deterministic dynamical equation for time evolution of molecular species concentration is given by
A vector c * is a steady state if and only if it satisfies
Note that a vector c * is a steady state of the biochemical system if and only if
here N (N ) denotes the null space of N . Therefore, the set of steady states Ω = c ∈ R m ++ , f (c) = 0 is unchanged if we replace the matrix N by a matrix N with the same kernel. Suppose thatN ∈ Z r×n is the submatrix of N whose rows are linearly independent, then rank N = rank(N ) =: r. If one replaces N byN and transforms (45) to logarithmic scale, by letting
, then the right-hand side of (45) is equal to the functionf
where [ · , · ] stands for the horizontal concatenation operator. Let L ∈ R m−r,m denote a basis for the left nullspace of N , which implies LN = 0. We have rank(L) = m − r. We say that the system satisfies moiety conservation if for any initial concentration
It is possible to compute L such that each corresponds to a structurally identifiable conserved moiety in a biochemical network, cf. [19] . The problem of finding the moiety conserved steady state of a biochemical reaction network is equivalent to solving the nonlinear equation (1) with
Let A := N , −N and B := [F, R] T . Then we can write
where Q = A T A. Since B ij are nonnegative integers for all i and j, we conclude that the function ψ is real analytic (see Proposition 2.2.2 and Proposition 2.2.8 in [40] ). It follows from Fact 1 and the discussion after it in Section 2 that the mapping h is Hölder metrically subregular at (x * , 0).
Computational experiments
In this subsection, we first tune the parameter η for LLM and then compare it with some state-of-the-art Levenberg-Marquard methods for solving the nonlinear system (1) with h defined by (47). In our comparison, N f and T denote the total number of function evaluations and the running time, respectively. To illustrate the results, we used the Dolan and Moré performance profile [6] with the performance measures N f and T . In this procedure, the performance of each algorithm is measured by the ratio of its computational outcome versus the best numerical outcome of all algorithms. This performance profile offers a tool to statistically compare the performance of algorithms. Let S be a set of all algorithms and P be a set of test problems. For each problem p and algorithm s, t p,s denotes the computational outcome with respect to the performance index, which is used in the definition of the performance ratio
If an algorithm s fails to solve a problem p, the procedure sets r p,s := r failed , where r failed should be strictly larger than any performance ratio (48). Let n p be the number of problems in the experiment. For any factor τ ∈ R, the overall performance of an algorithm s is given by
Here, ρ s (τ ) is the probability that a performance ratio r p,s of an algorithm s ∈ S is within a factor τ of the best possible ratio. The function ρ s (τ ) is a distribution function for the performance ratio. In particular, ρ s (1) gives the probability that an algorithm s wins over all other considered algorithms, and lim τ →r failed ρ s (τ ) gives the probability that algorithm s solves all considered problems. Therefore, this performance profile can be considered as a measure of efficiency among all considered algorithms. In Figures 3 and 4 , the number τ is represented in the x-axis, while P (r p,s ≤ τ : 1 ≤ s ≤ n s ) is shown in the y-axis.
Let us now apply LLM to the system of nonlinear equations (47). In a first step, we tuned the parameter η to get the best performance of LLM. To this end, we apply five versions of LLM associated to the parameter η ∈ {0.6, 0.8, 1.0, 1.2, 1.4} to the nonlinear system (47) defined by 21 biological models. The results of this comparison are summarised in Table 1 and Figure 3 . From Table 1 , it can be seen that LLM with η = 1.2 outperforms the others with respect to the number of function evaluations and the running time. We now compare LLM with the following Levenberg-Marquard methods:
• LLM-YF: with µ k = h(x k ) 2 , given by Yamashita and Fukushima [43] ;
• LLM-FY: with µ k = h(x k ) , given by Fan and Yuan [11] ;
• LLM-F: with µ k = ∇h(x k )h(x k ) , given by Fischer [12] .
It is clear that all of these three methods are special case of LLM by selecting suitable parameters ξ k , ω k , and η. In our implementation, all codes were written in MATLAB and runs were performed on a Dell Precision Tower 7000 Series 7810 (Dual Intel Xeon Processor E5-2620 v4 with 32 GB RAM). The algorithms were stopped whenever either
is satisfied, cf. [4] . On the basis of our experiments with the mapping (47), we set ω k := 1 − ξ k and
otherwise.
The initial point is set to x 0 = 0. We stop the algorithms if either (49) holds or the maximum number of iterations (say 100,000) is reached. The results of our implementation are summarised in Table 2 and Figure 4 . In Figures 4(a) and 4(b), we see that LLM attains the the most wins, by about 86% and 87%, for the number of function evaluations and the running time, respectively. Moreover, while LLM-F outperforms LLM-YF and LLM-FY, we find that LLM-YF obtains better results than LLM-FY for the considered problems. In order to see the evolution of the merit function, we illustrate its value with respect to the number of iterations in Figure 5 for the mapping (47) with the biological models iAF692 and iNJ661. We limit the maximum number of iterations to 1,000. Clearly, LLM attains the best results, followed by LLM-F. Both methods are competitive and seem to be more suited to biological problems than LLM-YF and LLM-FY. 
Conclusion and further research
We have presented novel adaptive Levenberg-Marquardt methods for solving systems of nonlinear equations. We have analysed their local convergence under Hölder metric subregularity and the Lojasiewicz gradient inequality of the underlying function. These properties hold in many applied problems, as they are satisfied by any real analytic function. One of these applications is computing a solution to a system of nonlinear equations arising in biochemical reaction networks. We showed that such systems satisfy the Hölder metric subregularity assumption and we obtained superior performance, compared to existing Levenberg-Marquardt methods, for 21 different biological networks. Several extensions to the present study are possible. It would be desirable to develop some Levenberg-Marquardt methods with faster local convergence under Hölder metric subregularity, as in [10] . A study of the local convergence of adaptive regularisation and trust-region methods [4, 5] would be of particular interest for Hölder metrically subregular mappings. Finally, a globally convergent version of the proposed Levenberg-Marquardt method would be desireable. One approach, which is currently being investigated, would be to combine the scheme with an Armijo-type line search and a trust-region technique. This will be reported in a separate article. 
